The QCD description of exclusive decays of the Λ b baryon involves hadronic matrix elements of non-local light ray operators, the light-cone distribution amplitudes. We introduce the complete set of three-quark distribution amplitudes and calculate the renormalization scale dependence for the leading twist. At leading order in the strong coupling the evolution is driven by pairwise two-quark interactions: heavy-light involving Sudakov logarithms as in the B-meson case, and light-light as in light mesons. We solve the evolution equation and show that its main effect is to generate a radiative tail extending to high energies. Finally, we present simple models for the distribution amplitudes based on QCD sum rules, and study the effect of the evolution on these models. * Patricia.Ball@durham.ac.uk † Vladimir.Braun@physik.uni-regensburg.de ‡ Einan.Gardi@cern.ch
1.
Heavy baryons containing a b-quark will be copiously produced at the LHC and their weak decays may provide important clues on flavour-changing currents beyond the Standard Model. A particular advantage of Λ b baryons over B mesons is their spin. Their polarization facilitates the study of spin correlations, providing valuable information on the chirality of the short-distance transition. This can be exploited for example at LHCb by studying rare radiative decays such as Λ b → Λγ [1] .
The theory of b-baryon decays into light hadrons is, however, more complicated and was receiving less attention compared to the B-meson decays. In particular, we are not aware of any dedicated study of the heavy-baryon distribution amplitudes (DAs) that are the primary non-perturbative objects required for calculating heavy-baryon decays into light particles based on the heavy quark expansion, see e.g. [2] , or using sum rules of the type proposed in [3] [4] [5] . The only existing models of heavy baryon DAs [6, 7] are motivated by quark models and are not consistent with QCD constraints. In this letter we give, for the first time, the complete classification of three-quark DAs of the Λ b baryon in QCD in the heavy quark limit and discuss some of their main features. In particular we derive a renormalization-group equation that governs the scale-dependence of the leading-twist DA and study its solution. Simple models of the DAs are suggested, and their parameters are fixed based on estimates of the first few moments using QCD sum rules.
2. The Λ b distribution amplitudes can be defined as matrix elements of non-local lightray operators built of an effective heavy quark and two light quarks following, on one hand, the similar construction for B-mesons [9] [10] [11] [12] [13] [14] and, on the other hand, the QCD description of nucleon DAs [15, 16] :
Here the subscript 2, 3, 4 refers to the twist of the diquark operator, C is the charge conjugation matrix, Λ(v) is the Dirac spinor, v /Λ(v) = Λ(v). The non-relativistic normalisation is assumed,ΛΛ = 1. Further, n µ andn µ are light-like vectors which we choose such that 
and are used in (1) for convenience.
Alternatively, one can define
In contrast to the above, the DAs in (3) do not have any definite symmetry; however, the isospin zero condition for the diquark implies that
It follows that
correspond to the symmetric (antisymmetric) parts of Ψ +− 3 , respectively. Going over to the momentum space, we define
so that ψ(ω, u) = ψ(uω,ūω)
whereū = 1 − u. In the first representation ω 1 and ω 2 are the energies of the u-and d-quark, respectively, and in the second one ω = ω 1 + ω 2 is the total energy carried by light quarks (in the heavy-quark rest frame) whereas the dimensionless variable u corresponds to the energy fraction carried by the u-quark, i.e. ω 1 = uω and ω 2 =ūω. These two representations are fully equivalent and can be convenient in different contexts. A non-relativistic constituent quark picture of the Λ b suggests that f
Λ at low scales of order 1 GeV, and this expectation is supported by numerous QCD sum rule calculations [19] [20] [21] [22] . In fact, the difference between the two couplings is only obtained at the level of NLO perturbative corrections to the sum rules [21, 22] and it is numerically small.
The anomalous dimensions of the operators in (2)
are known to NLO [21] § :
2 quoted here are in the naive γ 5 scheme.
Thus, the scale dependence of the couplings is given by
where
For the numerical value of the couplings we quote the result of the NLO QCD sum rule analysis in Ref. [22] : f
at the renormalization scale µ = 1 GeV. Note that these couplings cannot coincide at all scales since the corresponding operators have different anomalous dimensions.
Similarly to the B-meson case [10, 14, 17] QCD equations of motion can be used to derive exact relations between the three-quark DAs in (1) and the four-particle DAs involving an extra gluon field strength tensor. The corresponding analysis will be presented elsewhere. (1) are scale dependent. The leading-order (LO) evolution equation for the leading-twist DA ψ 2 (ω 1 , ω 2 ; µ) can be derived following the usual procedure by identifying the ultraviolet singularities of one-gluon-exchange diagrams.
The DAs in
The result can be expressed in terms of the two-particle kernels familiar from the evolution equations of the B-meson and π-meson DAs. We obtain
where in the last line ω ≡ ω 1 + ω 2 and u ≡ ω 1 /(ω 1 + ω 2 ); the last term in the curly brackets, 3 2 ψ 2 , is a result of the subtraction of the one-loop renormalization of the coupling f (8) and (10) .
The first two convolution integrals in Eq. (13) are associated with heavy-light dynamics: each of them involves just one of the light quarks. Indeed, the kernel γ LN (ω ′ , ω; µ) coincides with the one controlling the evolution of the B-meson distribution amplitude, the LangeNeubert anomalous dimension [11] 
In turn, the last convolution integral in Eq. (13) describes the interaction between the light quarks. V (u, v) is the celebrated ER-BL kernel [8] :
where the "+" subtraction is defined as
Note that in Eq. (13) we retain the dependence on the number of colors N c in the prefactor although the whole construction only makes sense for N c = 3.
4.
For small evolution ranges, ln(µ/µ 0 ) < ∼ 1, it is sufficient to interpret the derivative on the l.h.s. of (13) 
¶ . Obviously, this corresponds to taking into account one-loop renormalisation only, neglecting the resummation of potentially large logarithms. As we shall see below (Figures 2 and 3 ) this single-evolution-step (one-loop) approximation is quite good in practice, e.g. for µ 0 = 1 GeV and µ ≃ m b /2.
In order to go beyond the one-loop approximation, one possibility is to integrate the evolution equation (13) numerically. We have taken another, semi-analytic, approach which has an advantage that it allows one to understand the structure of the solution. To this end we first remove the ln(µ) term on the r.h.s, which is related to the cusp anomalous dimension, by defining:
Substituting (18) in (13) yields an evolution equation for φ(ω 1 , ω 2 ; µ). The next step is to go over to the moments space:
This leads to factorization of the Lange-Neubert terms since
The ER-BL term does not factorize :
¶ Note that the scale µ appearing explicitly in (14) and the scale of the strong coupling must be the same. We use the shorthand notationū
calling for some approximation. A simple one is obtained by substituting the initial condition φ(vω,vω; µ 0 ) for φ(vω,vω; µ) in both the numerator and denominator of (22) . While this can be a starting point for an iterative procedure, we find that in practice such iteration is not necessary owing to the smallness of the ER-BL term.
With this assumption, the r.h.s. of the evolution equation forφ(N, M; µ) factorizes leading to exponentiation of the kernels:
where the exponent is given by:
resumming double-as well as single-log terms to all orders. Further simplification in evaluatingΓ (22) by the expansion as a sum of products of Gegenbauer polynomials (see e.g. [24] ):
where γ n = 1 − 2/[(n + 1)(n + 2)] + 4 n+1 m=2 1/m is the leading-order anomalous dimension. In the numerical evaluation presented below we truncate the sum in (25) at the leading non-trivial term, n = 2. The impact of this truncation proves to be small, at least for the models of the DA that we consider.
Finally, the answer in the momentum (energy) space is restored by a double inverseMellin transform which is done numerically. The main effect of the evolution is to generate a 'radiative tail' of the DA that falls off as ln(ω 1 /µ)/ω 1 or ln(ω 2 /µ)/ω 2 at large energies, which is the same effect that the evolution has on the B-meson DA, see [11] [12] [13] [14] .
5. Realistic models for the DAs can be obtained using QCD sum rules for the correlation functions involving the non-local light-ray operators in (1) and a suitable local current. We defineJ
where P + = (1 + v /)/2 and consider, for the leading twist, the correlation function
and similarly for the other structures. The general form of the sum rule is then
where B[Π 2 ](ω, u; τ, s 0 ) is the Borel-transformed continuum-subtracted invariant function Π 2 (ω, u; E); τ is the Borel parameter which we take to be in the interval 0.4 < τ < 0.8 GeV and s 0 = 1.2 GeV is the continuum threshold (interval of duality);Λ = m Λ b − m b ≃ 0.8 GeV.
Taking into account only the leading-order perturbative contribution to the sum rule, one obtains
To this accuracy the coupling is equal to |f Λ | 2 = eΛ /τ N /(20π 4 ). All DAs have in this approximation the support property 0 < ω < 2s 0 and are normalized such that (31) Note that the leading-twist DA ψ 2 (ω, u) ≡ ψ 2 (ω 1 , ω 2 ) vanishes when either one of the lightquark energies goes to zero:
This property is model-independent and consistent with the evolution equation in (13) .
The limit τ → ∞ is known as the approximation of local duality. In this case one obtains, for example
and similarly for other twists. With decreasing Borel parameter the DA becomes tilted towards smaller momenta since contributions of large ω → 2s 0 are more strongly affected by the additional (exponential) suppression factor. As explained in [9, 12] in order to evaluate the non-perturbative contributions to the sum rule one is forced to use the non-local condensates. We use the general parametrisation [25, 26] q(x)q(0) = qq
where≃ −(240 MeV) 3 is the quark condensate and f (ν) is the model function [12, 27] 
is the standard notation for the ratio of the mixed quark-gluon and quark condensates, and λ ≃ (400 MeV) 2 is the correlation length. Using this model, we obtain the sum rule:
where Heaviside functions of the difference between the upper and the lower limits of integration are implied, and where we used a shorthand notation
From the vast experience of QCD sum rule calculations of the pion DA (see e.g. [25, [28] [29] [30] ) it is known, however, that the QCD sum rules cannot give the functional form of the DAs but rather have to be used to constrain certain momentum fraction integrals (the moments). Furthermore, obtaining a meaningful error estimate is especially difficult in the present case because there is not enough experience in using the concept of non-local condensates in baryon sum rules. In order to be on the conservative side we adopt the following procedure. As well known, QCD sum rules can be written for different interpolating currents. Our choice in (26) corresponds to the constituent type sum rule, in the terminology of Ref. [22] , and has the advantage that the corresponding sum rule (35) has several terms. Replacing the projector P + in (26) by the unity matrix or by v / one obtains two other currents, calledJ 1 and J 2 in [22] . ObviouslyJ = (J 1 +J 2 )/2. The corresponding sum rules pick up contributions of even and odd dimension in (35) respectively, i.e. perturbation theory and the quartic condensate forJ 2 and the quark condensate forJ 1 . We take the sum rule in (35) for our 
The error bands given in (37) should be regarded as most conservative: using the sum rule (35) alone and varying the parameters in a reasonable range yields much smaller variations.
In particular the value of the first integral in the second line in (37) is very stable with respect to variations of the Borel parameter. Note that the ratio of the integrals with and without the ω factor is different for the Gegenbauer moment in the energy fraction as compared to the unit weight. This implies that the ω-dependence of these components is different. Taking into account the expected low-energy behaviour ∼ ω 1 ω 2 and the sum rule moments of Eq. (37), we propose a simple model (see Fig. 1 ) for the leading-twist DA at the low scale of µ = 1 GeV: that integrals involving negative powers of the quark momenta will contribute, for example:
where an additional energy cutoff ω < Λ UV is introduced in the definition of the moments. This guarantees that the moments are finite in presence of a radiative tail -such a tail will be generated by evolution to a higher scale, even if it is not introduced at the low scale in a given initial-condition model. We recall that in the B-meson case the radiative tail ∼ ln(ω/µ)/ω renders such an energy cutoff necessary for any positive moment, while the first negative moments analogous to (39) would be finite in its absence. The two-dimensional integration in the Λ b case implies greater sensitivity of the cutoff, as even the first inverse moment Λ q diverges in its absence. For the above model without an energy cutoff one obtains: Since ε 1 ≫ ε 0 , the contribution of the Gegenbauer correction to the first integral is small so that a 100% uncertainty in a 2 does not play a significant role. The effect of an energy cutoff Λ UV of order 2-3 GeV is already small. The central values of Λ d and Λ q for Λ UV = 2.5 Figure 3 : The u dependence of the DA for fixed ω = 0.5 GeV (near the peak in Figure 2 ) and ω = 1.0 GeV (crossing over to the tail region). The curves are as explained in Fig. 2 . Note that the effect of evolution to higher µ is to decrease the DA for any u in the former case and increase it in the latter.
GeV are summarized in Table 1 , where we also present the renormalization scale dependence of these moments. The effect of evolution from µ = µ 0 = 1 GeV to µ = 2.5 GeV on the functional form of the DA is illustrated in Figures 2 and 3 . 
Λ of Eq. (2) and the typical integrals Λ d , Λ q of Eq. (39) at different renormalization scales µ. The moments are all computed at a fixed energy cutoff Λ UV = 2.5 GeV. These numbers correspond to the central values of the model described above -the theoretical uncertainty is as quoted in Eqs. (12) 
and (40).
A similar analysis can be done for the twist-three DAs. Without going into details we present the simplest models that are consistent with the QCD sum rule constraints: 
